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P A R T  1  —  T H E  M O D E L

SIR model
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P A R T  1  —  T H E  M O D E L

SIR on a Random Network
Random network

N nodes. Degree distribution p . Configuration model → locally tree-like (few short loops).ₖ

SIR dynamics

S → I → R. Infective node i transmits to neighbor j with rate rᵢ  per day, for τᵢ days.ⱼ

Per-edge, per-node randomness

rᵢ   P(r),  τᵢ  P(τ)  — both i.i.d. random.ⱼ∼ ∼

Edge transmission probability: Tᵢ  = 1 − (1−rᵢ )^τᵢⱼ ⱼ
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L I V E  D E M O

Watch the Dynamics

newman_demo.html — Tab 1: 
Single Run

Observe:
• Same parameters → different outcomes each time (stochasticity)
• r,τ distributions visible in histograms

• Low r  → small outbreak.  High r  → epidemic.  Where is the boundary?⟨ ⟩ ⟨ ⟩
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M E A S U R E M E N T

What Controls the Epidemic?
Sweep r (τ fixed)

━ τ=2

━ τ=4

━ τ=7

━ τ=12

Sweep τ (r fixed)

━ r=0.03

━ r=0.08

━ r=0.15

━ r=0.30

Observation: Both r and τ affect the outcome, but neither alone determines it.
Different (r, τ) pairs can produce the same epidemic size.

→  There seems to be a single hidden quantity that combines r and τ.
What is it?



M E A S U R E M E N T

Transmissibility T
The hidden variable:  T = 1 − (1−r)^τ

The probability that infection crosses an edge over the entire infectious period.
This single number combines r and τ.
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M E A S U R E M E N T

Average Epidemic Size vs. T

INSERT: screenshot or
newman_demo.html Tab 2 output

Run SIR many times for each T.
Plot average fraction infected vs. T.

Sharp transition at some Tc.
Below: small outbreaks only.
Above: epidemic possible.

Mean sub-epidemic outbreak size

diverges as T → Tc⁻

 — a phase transition.
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Do the Details of r, τ Matter?
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Do the Details of r, τ Matter?

INSERT: screenshot or
newman_demo.html Tab 3 output

5 completely different (r,τ) distributions.

When plotted against T :⟨ ⟩
All data collapse onto the same curve.

Individual r,τ variation washes out.
Only the average T  matters.⟨ ⟩

Why? → Newman's derivation shows this

mathematically.
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P A R T  3  —  N E W M A N ' S  D E R I V A T I O N

Step 1: Encoding the Network
Degree distribution → generating function

G₀(x) = Σₖ pₖ xᵏ G₀'(1) = ⟨k⟩

G₀''(1) = ⟨k(k−1)⟩

Excess degree distribution

Follow a random edge → endpoint has degree  k·p  k(size-biased).ₖ
Excess degree = degree − 1.

G₁(x) = G₀'(x) / G₀'(1)

G₀' multiplies by k → size-biasing

÷ k  → normalization⟨ ⟩
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P A R T  3  —  N E W M A N ' S  D E R I V A T I O N

Step 1a: What Is G₀(x)?
Example: degree distribution of a network

k=1

0.10

k=2

0.25

k=3

0.40

k=4

0.20

k=5

0.05

p
ₖ

Encode as a polynomial:

G₀(x) = 0.10x + 0.25x² + 0.40x³
              + 0.20x⁴ + 0.05x⁵

coefficient of xᵏ = pₖ

Why a polynomial? Derivatives give moments:
G₀'(x) = Σ k·pₖ·xᵏ⁻¹
G₀'(1) = Σ k·pₖ = ⟨k⟩ = 2.75

G₀''(1) = Σ k(k−1)·pₖ = ⟨k(k−1)⟩ = 6.50

x is a formal variable — a tool that
lets us extract statistics by differentiation.
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Step 1b: Excess Degree G₁(x)
Which node do you reach by following a random edge?

k=
1

1 edge →
low chance
of being reached

k=
4

4 edges →
4× more likely
to be reached!

Probability of reaching a node  k · pₖₖ
(not just p  — this is size-biasing)ₖ

Probability of reaching degree-k node:
q̃ₖ  =  k · pₖ / Σⱼ j·pⱼ  =  k · pₖ / 
⟨k⟩

Excess degree = k − 1
(subtract the edge you arrived on)

Generating function for excess degree:

G₁(x) = Σₖ qₖ xᵏ⁻¹
       = Σₖ (k·pₖ/⟨k⟩) xᵏ⁻¹

       = G₀'(x) / G₀'(1)

G₁'(1) = G₀''(1)/G₀'(1) = k(k−1) / k   — this number will determine Tc.⟨ ⟩ ⟨ ⟩
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Step 2: Adding Transmissibility
Node has degree k. Each edge occupied with probability T.
# occupied edges  Bin(k, T).∼

Generating function transforms as:

G₀(x; T) = G₀(1 + (x−1)T)

Key insight: When rᵢ  and τᵢ are i.i.d. random, the Tᵢ  are also i.i.d.ⱼ ⱼ
The collective behavior depends only on the average T = Tᵢ .⟨ ⱼ⟩

→ This is why the curves collapsed in the demo.

The math makes it a theorem, not just an observation.
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Step 2: Adding Transmissibility
Each edge: occupied (prob T) or not

k=
4

= 2 occupied

# occupied  Bin(k, T)∼

How G₀ transforms:

An edge is occupied (x) with prob T,
or not occupied (1) with prob 1−T.

GF for one edge's contribution:
(1−T)·1 + T·x  =  1 + (x−1)T

Node has k edges, each independent:
[1 + (x−1)T]ᵏ

Average over degree distribution p :ₖ
Σₖ pₖ [1+(x−1)T]ᵏ = G₀(1+(x−1)T)

Key insight: When rᵢ  and τᵢ are i.i.d., the Tᵢ  are also i.i.d. → collective behavior depends only on T .ⱼ ⱼ ⟨ ⟩

→ This is why the curves collapsed in the demo. The math makes it a theorem.
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Step 3: The Recursive Structure
H₁(x) = cluster size distribution reached via a random edge.

The endpoint has excess degree  G₁.∼

Each occupied edge leads to a sub-cluster with the same distribution → recursion.

H₁(x) = x · G₁( H₁(x) ; T )

H₀(x) = x · G₀( H₁(x) ; T )

x = this node          G₁(H₁;T) = sub-clusters via occupied edges

This works because the network is locally tree-like: no short loops → no correlation between sub-clusters → the 

recursion is exact.
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What G₀, G₁, H₁ Mean on a Network

A

B

C

D

E F G

G₀(x) encodes degree distribution pₖ
e.g. this network: p₁=2/7, p₂=2/7, p₃=3/7
G₀(x) = 2/7·x + 2/7·x² + 3/7·x³
G₀'(1) = ⟨k⟩ = 15/7 ≈ 2.1

G₁(x) = excess degree distribution
Follow edge A→D: D has degree 3,
arrived on 1 edge → excess = 2.
G₁(x) = G₀'(x)/G₀'(1) — derivative does
size-biasing (high-k nodes reached more).

H₁  = cluster size via an edge
Follow A→D. If edge is occupied (prob T),
D's cluster = D + sub-clusters via F, G.
Each sub-cluster is again H₁ → recursion.

H₁(x) = x · G₁( H₁(x) ; T )

H₀  = cluster of a random node (A)
A + sub-clusters via B, C, D = x · G₀(H₁(x);T)

degree 3
→ G₀

excess 2
→ G₁occupied?

prob T
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Step 3 4: From Recursion to s→ ⟨ ⟩
We want the mean cluster size s  = H₀'(1).⟨ ⟩

Differentiate the self-consistent equation

H₁(x) = x · G₁( H₁(x) ; T )
Take d/dx and set x=1. Using chain rule:

H₁'(1)  =  1 + T · G₁'(1) · H₁'(1)

Solve for H₁'(1)

H₁'(1) = 1 / [1 − T·G₁'(1)]
Diverges when denominator → 0

Now H₀'(1) = s⟨ ⟩

H₀(x) = x · G₀(H₁(x);T)

⟨s⟩ = 1 + T·G₀'(1)·H₁'(1)

Substituting:

⟨s⟩  =  1  +  T · G₀'(1)  /  [ 1 − T · G₁'(1) ]

The denominator controls everything. When it → 0, the mean cluster size diverges → epidemic.
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Step 4: Epidemic Threshold
From the previous slide:

⟨s⟩  =  1  +  T·G₀'(1) / [1 − T·G₁'(1)]

Set denominator = 0:  T·G₁'(1) = 1

Epidemic Threshold

Tc = ⟨k⟩ / ⟨k(k−1)⟩

→  r, τ don't appear — only T and degree distribution

→  Threshold is sharp — genuine phase transition ( s  diverges)⟨ ⟩

→  Network effect: power-law (α=2,κ=10) → Tc=0.329  vs  fully-mixed → Tc=0.558
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P A R T  4  —  T H E  B I G G E R  P I C T U R E

This Is Percolation
"Each edge occupied with probability T. What is the connected cluster structure?"

= Bond percolation.

Broadbent & Hammersley (1957): will water percolate through a porous rock?

SIR epidemic threshold ↔ Percolation threshold pc

Epidemic (giant component) ↔ Water reaches the other side

Network degree distribution ↔ Lattice / pore structure

Same mathematics → conductivity, gelation, forest fires, network robustness, ...
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Universality: Same Exponents 
Everywhere

Sarikhani et al. (2022)

23 systems → 1 universal curve

slope = t ≈ 2.0

Threshold ϕc: non-universal
(system-specific)

Exponent t: universal
(depends only on dimension)

2D: all exponents exact,

rational numbers.

Fields Medal 2022

(Duminil-Copin)

 https://www.youtube.com/watch?v=da3-dHWb4WU

Renormalization group → near criticality, microscopic details vanish. Only dimension matters.

https://www.youtube.com/watch?v=da3-dHWb4WU
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What the Mathematics Gives Us
1 Equivalence of seemingly different conditions

r/τ variation → absorbed into T .  Provable, not just observable.⟨ ⟩

2 A baseline to measure deviations from

Tc is exact → deviations tell us what's not captured by the model.

3 Transfer across phenomena (universality)

Same math: epidemics ↔ conductivity ↔ gelation ↔ networks.



T A K E A W A Y

A Simple Model Is Not a Toy
1.  Defined SIR on a random network with per-node τ, per-edge r.

2.  Measured: epidemic size vs T → sharp threshold; r/τ details don't matter.

3.  Derived: Tc = k / k(k−1)  via generating functions + self-consistent equations.⟨ ⟩ ⟨ ⟩

4.  Connected: this is percolation → universality across physics, biology, materials.
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